Twenty three years ago, cosmological N -body simulations revealed quasi-universal NFW dark matter halos, whose physical origin is still unclear. This work tries to solve this issue by Landau-Ginzburg (LG) theory in equilibrium statistical mechanics. We replace the order parameter in LG theory by density and consider the dark matter halos as fluctuations from the equilibrium state of the background, which can be the main halos for the subhalos, or the homogeneous and isotropic Universe for the galaxy cluster halos. With the assumption that the fluctuations of Helmholtz free energy depend mainly on the density and its gradient, which is shown to be consistent with the behavior of the power spectrum near the cluster scale, we can easily obtain the universal r −1 cusp of the equilibrium dark matte halo without other requirements. This work strongly suggests that more studies should be done for the self-gravitating systems by statistical mechanics.
I. INTRODUCTION
Cosmological simulations have revealed many almost universal properties of the 'isolated' equilibrium dark matter halos [1, 2] , and the most prominent one may be the NFW density profile which shows the inner density slope -1 and the outer slope -3. Very recently, [3] in their simulations shows this universality can be extended to the halos over twenty orders of magnitude in mass. In fact, because the halos have finite mass, the outer slope should be smaller than -3, while outside the virial radius there is a bump caused by the halos' neighbor in the density profile [4] , which indicate that the outer slope should be shallower than some value, so it may be trivial that the outer slope is about -3, so most of attentions have been paid to the inner slope. By virtue of its universality, any explanations invoking the initial conditions may be not convincing enough, so the method of statistical mechanics is always used trying to find the common physical origin of the cusp, such as that [5] assumes the microstates should be counted in energy space and modifies the stirling approximation in statistical mechanics, which can show the r −1 cusp, however, [6] finds that [5] 's model can also allow the existence of the central core; [7] believes that, in the canonical ensemble there exists another constraint caused by incomplete relaxation, but it predicts much less low angular momentum orbits than simulations, although the statistical mechanics for selfgravitating systems still faces some challenges such as the in-equivalence of ensembles, the broken of ergodicity, the thermodynamical limit problem and etc (a recent review can be seen in [13] ), and although there are still other schemes [8, [10] [11] [12] . Moreover, the new developments in studies of the vector resonant relaxation and isotropicnematic phase transition [14] [15] [16] also indicate the great potential of statistical mechanics for self-gravitating systems.
In this paper, the almost universal r −1 cusp will be * dbkang@aynu.edu.cn explained by the LG theory, which is always used to study the system's long-range correlation of fluctuations from the equilibrium state in the canonical ensemble [17] , such as these studies of the density profile in the vapor-liquid interface, the LG coherence length in superconductivity, and others [18, 19] . The structure of the content is as follows: in the next section, we will briefly review the result of the LG theory in two approaches; in section 3, we will apply this theory for simulated dark matter halos; finally we will make some discussions about this method's availability and conclude.
II. LANDAU-GINZBURG THEORY
In statistical physics, LG theory describes the long range correlation of fluctuations from the equilibrium state in an approximate fashion:
where C (r, r ) = C (|r − r |), ρ(r) commonly is the order parameter at r, which can be the magnetization in Ising model for magnetic materials (This may be the reason why the order parameter was originally denoted by m in ( [17] ), the local density in liquid-vapor interface, the wave function in BCS theory for superconductivity and etc. ρ(r) denotes the ensemble average (equilibrium) value.
To systems with short-range interactions,
In this paper we do not consider the effects of fluctuating temperature. With fixed temperature and volume, Landau-Ginzburg theory assumes that the fluctuations of Helmholtz free energy is
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To ensure that the system is stable equilibrium state at ρ =ρ and δρ = 0, a 2 and b are required to be positive. The last term in (4) shows ∆F may be partly contributed by the gradient of ρ. From Appendix it can be known that
where
is the correlation length. Above results indicate that the two-point correlation function C(r) ∝ 1/r for r ξ, while C(r) ∝ e −r ξ for r ξ. The LG theory can be shown in another way [17] : the Helmholtz free energy F is the Legendra transformation of the Gibbs free energy G
with
where T is the temperature and M = d 3 rρ(r). h is the external field, which causes the fluctuations of M , so (h, M ) is a pair of generalized force and coordinate. (8) shows the fluctuations of Helmholtz free energy come from the fluctuations of the temperature T and order parameter M . Then from (7) and (8),
where the last term is obtained by integration by parts and demanding δρ = 0 at the surface, φ(r) = ρ(r) − ρ. Eq.(9) just describes the change of order parameter ρ with r caused by the external perturbation h(r). If h is assumed to happen at r = 0 and be localized, i.e.
where δ(r) is the Dirac function, (9)'s analytical solution in spherical coordinate is
which is just proportional to (5) . This 'coincidence' can be explained by the following: including a term
in the Hamiltonian, we have
where β is a parameter related to temperature and (10) still holds, so
where the last second equality uses (2) . Note that from Appendix we find (5) seems to be universal with assumptions of (4), while above description seems to suggest (5) only can set up with special case (10) . This can be explained by that (11) is just the Green function of (9) , and only if the h(r) is not steeper than δ(r) for r → 0 (the steeper case is δ(r)/r, for example), (11) will always hold for r → 0. So (5) is universal with most of cases.
III. APPLICATIONS FOR DARK MATTER HALOS
We try to use the LG theory to study the structure of dark matter halos in simulations. We first consider these halos being bounded by galaxy clusters. The timescale of violent relaxtion ( [20] ) is
During the relaxation all the halos will evolve mutually, although smaller scale halos generally have higher mean density and finish the violent relaxation earlier than larger scale halos. After enough time the main halo also has been relaxed and reached the quasi-sationary state, whose density profile ρ(r) in this papaer is assumed to be well determined by classical equilibrium statistical mechanics for self-gravitating systems. These subhalos will be treated as fluctuations from the equilibrium state, and the order parameter in LG theory just is the local density here. According to the above section, the subhalos' spherical density distribution should satisfy
where r is the central position of subhalos in spherical coordinate r of galaxy cluster halos. We assume that h(r, r ) = δ(r − r ), which may be an ideal model for galaxy merger,gravity instability and etc. Then (16)'s analytical solution is
where we find that when r approaches r , the density ρ(| r − r |) is inversely proportional to 1 | r − r |, which means that the central density slope of subhalos is -1.
Simulations and observations also show that the cluster halos also indicate r −1 law of the central density, however, their timescale of violent relaxation can be longer than the Universe, which means that there will be lack of relaxation mechanism for super cluster halos to be equilibrated. So it may be not suitable to treat galaxy cluster halos as fluctuations from the equilibrium state of larger scale halo. Besides, there are also many but few fraction halos not being bounded by galaxy clusters.
We suggest the LG model still can provide guidance to explain the central cusp of these halos. In cosmology the Universe is homogeneous and isotropic at large scale, which may allow us to consider the average density of the Universe as the equilibrium state, thus any relaxed and non-bounded halos will be treated as fluctuations from the equilibrium and their cusps all can be explained by above discussions. Another evidence is that, from Appendix we find that the LG model equivalently assumes that the density field is random and Gaussian with the power spectrum
which will finally lead to r −1 law of density, because in simulations and observations the density field is represented by a set of mass particles with Poisson sampling, and when r is small, ρ(r) ∝ C(r) ∝ r −(n+3) if P (k) ∝ k n with random density field [23] , thus (18) will be checked at the large enough wave-number k in this work. It should be noted that: (18) is a final result predicted by statistical mechanics, which means that the power spectrum should include the nonlinear effects, although at the scales above galaxy cluster the possible non-Gaussian effects of the density field will be neglected to ensure that the power spectrum still can fundamentally describe the density field; besides, k can not be larger than the sub-cluster scale, where (2) can not set up and the nongaussian effects can never be neglected. In pure dark matter simulations the power spectrum can be calculated directly with proper box size; while the power of current observations is still limited and we should resort to the simulations including the baryonic (AGN) effects. From Fig.1 and Fig.2 we can find when k is near the cluster scale, the power spectrum is consistent with (18). [22] , which also can be fitted by k −2 law when 3/Mpc< k <10/Mpc.
IV. DISCUSSION AND CONCLUSION
The order parameter in LG theory always corresponds to certain symmetries, while the density distribution also can refelect the symmetries of the system, such as that the homogenious and isotropic systems have translational and rotational invariant symmetries. So, as works in the vapor-liquid interface the order parameter will be the density in this work to explain the cusps of dark matter halos in simulations. As stated in above section, the subhalos are considered as fluctuations from the equilibrium of the main halos, which, however, may face some arguments, because in CDM models the structure formation of the Universe is bottom-up, i.e. the small structure forms before the large structure. Here it should be emphasized that we just try to explain the coexistent state of the small and large halos after enough time, which does not matter with the time order of the formation of halos, and the substructures also can be destroyed if they can not coexist with the main halos, such as suffering from tidal stripping, mergering and others.
Then based on the cosmological principle we suggest the LG model also may provide guidance to reveal the cusp of galaxy cluster halos and other halos. In fact, in the background cosmology the pressure of the matter is always believed to be zero, because the matter is assumed to be composed of non-relativistic ideal gas and its equation of state is P m = kBT mc 2 ρ m c 2 , which has equivalently assumed that there is an equilibrium state for all the matters in the Universe. This paper just accepted this assumption and studied the fluctuations from this equilibrium state. The inflated Universe can explain the scale invariant power spectrum P (k) ∝ k, which may do not matter with P (k) = constant for k → 0 (see Appendix) in the LG theory. Here we only focus on the character of P (k) near the galaxy cluster scale, which is shown to be consistent with (18) and the r −1 cusp.
From the LG theory, it can be found that the origin of r −1 cusp is from the assumption, i.e. the fluctuations of the Helmholtz free energy mainly depend on the density's 'amplitude' and gradient, which may be reasonable for self-gravitating systems, because any macroscopic physical quantities of the self-gravitating system depend on the density distribution which contains the information about the amplitude, the gradient, the curvature and others of the density, and with referring to their fluctuations, these information except the 'amplitude' and gradient can be neglected above certain space scale, which will be further confirmed.
In conclusion, in this paper we consider the dark matter halos in simulations as fluctuations from the thermodynamical equilibrium state, and used the LG theory to explain the cusp whose origin still has no consensus. In the self-gravitating systems, the fluctuations of the Helmholtz free energy will depend mainly on the 'amplitude' and the gradient of the density, which may be the final reason of the almost universality of the r −1 cusp. This work also strengthens the point that the equilibrium statistical mechanics may still have a great use for self-gravitating systems. In the future, we will also try to complement the correlation function of self-gravitating system by statical mechanics.
(5) can be obtained as shown in the textbooks such as [24] : making Fourier expansion of the density contrast, ρ(r) −ρ = ρ k e ik·r d 3 k,
so
Ensemble averaging both sides of it, P (k) = |ρ k | 2 = d 3 r d 3 r C (|r − r |) e −ik·(r−r )
Then we will calculate P (k) by the LG model (4):
(ρ(r) −ρ) 2 = d 3 k d 3 k ρ * k ρ k e −i(k−k )·r , 
where the last equality just is a mathematical problem which can be solved by software such as Mathematica.
